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Two microring resonators, one with gain and one with
loss, coupled to each other and to a bus waveguide,
create an effective non-Hermitian potential for light
propagating in the waveguide. Due to geometry, cou-
pling for each microring resonator yields two counter-
propagating modes with equal frequencies. We show
that such a system enables implementation of many
types of scattering peculiarities, which are either the
second or fourth order. The spectral singularities sep-
arate parameter regions where the spectrum is either
pure real or else comprises complex eigenvalues; hence,
they represent the points of the phase transition. By
modifying the gain-loss relation for the resonators such
an optical scatterer can act as a laser, as a coherent per-
fect absorber, be unidirectionally reflectionless or trans-
parent, and support bound states either growing or de-
caying in time. These characteristics are observed for a
discrete series of the incident-radiationwavelengths.
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Microcavities are multi-functional optical elements em-
ployed as element of numerous devices [1–3]. In the sim-
plest case of a microring resonator side-connected to a bus
waveguide [4, 5], amplitude and phase of the field transmit-
ted through the coupling region are modified [6], in particular,
allowing for lasing if the microring is filled with active mate-
rial [7, 8]. With two microrings (or microdiscs) connected to a
bus waveguide, one can significantly modify asymmetric spec-
tra of the Fano resonance for transmitted radiation [9]. More so-
phisticated effects on a signal transmitted through a bus waveg-
uide can be created by coupling it to many microrings. In par-
ticular, a periodic array of microrings strongly modifies waveg-
uide dispersion [6], whereas microcavities assembled in pho-
tonic molecules enables incorporating prescribed spectral char-
acteristics of the transmitted light [10]. New functionalities can
be achieved for microring or microdisc cavities connected to
two waveguides. Micro-cavities in such configurations allow
for observing nonreciprocal light propagation [11–13] or revival
of lasing by induced losses [14].
Generically, light propagating in a waveguide with con-
nected microcavites experiences an effective optical potential,
which is non-Hermitian if the cavities are active or absorb-
ing media. Such potentials could possess spectral singulari-
ties (SSs), which in optical systems produces lasing [15] and
coherent perfect absorption (CPA) [16], or in special cases, CPA-
lasing [17] occurring at the same wavelength. These phenom-
ena were observed in waveguides connected with cavities in
parity-time (PT )-symmetric configuration. In [18] it was re-
ported on possibility of control of SS by cavity parameters. A
microring resonator with a complex grating respecting PT -
symmetry, coupled to a waveguide, allows for single-mode
emission and simultaneous coherent perfect absorption [8].
Most of these systems deal with microresonators operating
in a single-mode regime. To create a non-Hermitian optical
potential for a waveguide coupled to microresonators, at least
a two-mode configuration providing forward and backward
propagating fields is required. This condition was achieved
by using a PT -symmetric grating resulting in coupling two
counter-propagating modes of a single microring (µR) [8]. In
this Letter we describe a device for which coupling of modes in
a system comprising two µRs, similar to ones used in the exper-
iment [19], connected to a waveguide occurs due to geometric
factors, as shown schematically in Fig. 1. One of the µRs is ac-
tive, assuring gain of the propagating field, and another one is
absorbing. Due to the arrangement, each of the connections (in
Fig. 1 they are denoted by C) among the µRs and the waveguide
is working in the bidirectional regime, i.e. each of the µRs bears
two modes circulating in opposite directions while the waveg-
uide carries incident and transmitted waves. The system is free
from a quite demanding constraint to obey PT symmetry (i.e.
to have exact balance of gain and losses in the coupled µR).
Given these simple features, we show that, by changing gain
(or loss, or both), one can continuously shift spectral singular-
ities, thereby achieving many of the well known regimes, in-
cluding lasing, CPA, CPA-lasing, and bound states which either
Letter Optics Letters 2
Fig. 1. Schematic of two µRs coupled to a bus waveguide
(fiber) shown by the gray strip. The left (L) and right (R) µRs
have respectively amplifying and absorbing media and are
characterized by the round trip factors αL and αR. The cou-
plers are indicated by C symbols. Arrows show the fields cir-
culating in the µRs and transformed in the couplers regions.
The field amplitudes are indicated next to the arrows. The an-
gular coordinates ϕL and ϕR are positive when rotated respec-
tively in counterclockwise and clockwise directions.
grow or decay. Moreover, the transfer matrix of the optical po-
tential created by the microrings having identical geometry is
characterized by the zeros of the second order, thus, giving ori-
gin to SSs of second and fourth orders. Such high-order SSs could
have practical importance. For example, if a small-amplitude
wavepacket is incident at a non-Hermitian potential featuring a
high-order SS, the amplitudes of the transmitted and reflected
wavepackets increase with the order of the SS [20]. Also high-
order SSs allow for controlled creation of simple SSs at different
frequencies, which could be achieved by variation of parame-
ters of the potential [20].
To quantify our system parameters, we assume that the right
(denoted by “R”) absorbing µR is characterized by the round-
trip factor, determining the decay of the field amplitude after
one round trip [5], αR ≤ 1. The left (denoted by “L”) ring
with active medium is characterized by the round-trip factor
αL ≥ 1, which characterizes increasing the field amplitude over
one round trip. Thus, αR, 1/αL ∈ (0, 1]. Larger values of αL cor-
respond to stronger gain, and smaller values of αR correspond
to stronger losses; equality of any of the round-trip factors to
one corresponds to the conservative microring.
Due to the geometry in each ring, two modes propagate.
These modes are denoted aX and bX, with X ∈ {L,R}. In
each µR the fields aX and bX propagate in opposite directions:
aX ∝ eikXρϕX and bX ∝ e−ikXρϕX , where kX = 2pi/λX = nXω/c,
ρ is the radius of both rings, λX is the wavelength in the respec-
tive ring (at this stage the rings could admittedly have different
refractive indexes nX), and without loss of generality we con-
sider the positive angular directions to be counterclockwise for
ϕL and clockwise for ϕR with ϕL,R ∈ [0, 2pi). Field amplitudes
incident on and transmitted by each of the couplers are distin-
guished by the lower indexes j = 1, . . . , 4 as explained in Fig. 1.
Thus, with our notation, we have the amplitude relations:
aX1 = φ
3/4
X α
3/4
X a
X
4 , a
X
3 = φ
1/4
X α
1/4
X a
X
2 ,
bX1 = φ
−3/4
X α
−3/4
X b
X
4 , b
X
3 = φ
−1/4
X α
−1/4
X b
X
2 ,
(1)
where, for the sake of convenience, we introduced the phase
factors φX = exp(i2pikXρ). The factors φL,R are related by
φL = φR exp[2piiρ(kR − kL)]. Thus, using the simplified no-
tation φ ≡ φL below we consider only φ, i.e., the phase of
the left µR , as a frequency-related variable. The couplers
connect the fields between the µRs (⊤ stands for transpose):(
aL4 , a
R
4
)⊤
= C
(
aL3 , a
R
3
)⊤
,
(
bL3 , b
R
3
)⊤
= C
(
bL4 , b
R
4
)⊤
for a lossless
coupler, which is expressed by the unimodular property of the
matrix [4, 5]:
C =

 τ iκ
iκ τ

 , τ2 + κ2 = 1 (2)
(for simplicity, τ and κ are considered real). Denoting
the right (left) propagating beams in the bus waveguide
by A (B), as shown in Fig. 1, analogous equations are
valid for coupling between the µRs and the bus waveg-
uide:
(
aL2 , A1
)⊤
= C
(
aL1 , A
L
)⊤
,
(
bL1 , B
L
)⊤
= C
(
bL2 , B1
)⊤
,(
aR2 , B2
)⊤
= C
(
aR1 , B
R
)⊤
, and
(
bR1 , A
R
)⊤
= C
(
bR2 , A2
)⊤
. Fi-
nally, here we consider the conservative waveguide, such that
the connection of the fields between the couplers is a pure
phase: A2 = e
iθ A1 and B2 = e
−iθB1.
Below we concentrate on stationary propagation. The µRs
create an effective non-Hermitian potential for the light prop-
agating in the bus waveguide. The transfer matrix M of this
potential relates inward and outward propagating waves, from
both sides of the region where the µRs are connected to the bus
waveguide, i.e., (AR, BR)⊤ = M(φ)(AL, BL)⊤. ThematrixM(φ)
can be computed in explicit form using a computer algebra pro-
gram. As its entries are quite bulky, we do not present them in
the text. Instead, below we concentrate specific characteristics
of the scattering data. In particular, we verify that detM = 1,
i.e., reciprocity is not violated. The left and right reflection co-
efficients are defined as rL = −M21/M22 and rR = M12/M22,
while the two transmission coefficients are equal and given by
tL = tR = t = 1/M22 (Mij with i, j ∈ {1, 2} are the entries of
M).
Universality of the device illustrated in Fig. 1, which allows
different regimes by changing gain or loss parameters, is char-
acterized by the location of zeros of the matrix-element M22 in
the complex plane. Thus, to illustrate the mentioned regimes
and to describe transitions among them, we proceed with the
investigation of “motion” of the zeros of M22 under changes of
the system parameters.
Let φj be a zero of Mjj, j ∈ {1, 2}, i.e., Mjj(φj) = 0. Then, in
terms of φj, the unbroken phase, i.e., pure transition and reflec-
tion, corresponds to all zeros φ1 inside (|φ1| < 1) and all zeros
φ2 outside (|φ2| > 1) the unit circle of the complex variable φj.
In both these cases, the spectrum of the waves in the waveg-
uide is purely real. CPA and coherent lasing regimes take place
if |φ1,2| = 1, respectively. If either |φ1| > 1 or |φ2| < 1, then the
system supports non-stationary bound states. Indeed, propaga-
tion of a given mode in the waveguide outside the coupling re-
gion is described by the wave equation. If, at a given frequency,
ω, andwavenumber, k, one has M22 = 0 (the case M11 = 0 is an-
alyzed similarly), the fields to the right ("+") and to the left ("−")
from the coupling region is obtained as E± exp[i(±kx − ωt)],
where x is the coordinate along the waveguide and E± are the
field amplitudes. As |φ2| < 1 corresponds to Im k > 0 and
hence Imω > 0, the respective solution decays at |x| → ±∞,
i.e., represents a bound state with amplitude growing in time.
We start with the case that refractive indexes nL and and nR
in left and right µRs are chosen such that ρ(kR − kL) = m,
with m an integer, which implies that the phase factors are
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Fig. 2. Two scenarios of the phase transition with complex
conjugate phase factors in the complex plain φ. Blue solid cir-
cle and red line show the trajectories of φ±1 and φ
±
2 , respec-
tively. The arrows’ directions correspond to increasing τ2. (a)
If αL + αR < 2 the phase transition trough the CPA occurs
when blue solid semicircles cross (blue filled circles) the unit
circle (the dashed line). For increasing τ2, the phase factors
leave the unit circle, eventually colliding at the real axis and
then split off in opposite directions shown by arrows. (b) At
α > 1 the phase transition happens through the lasing when
the vertical red line crosses (red crosses) the unit circle.
equal: φL = φR = φ. For α a “reduced” round-trip factor, the
roots φ1,2 are
1
τ
φ±1 = τφ
±
2 =
τ
α
±
√
τ2
α2
− 1
αLαR
, α = 2
αLαR
αL + αR
. (3)
Importantly, these roots are not valid in the case αL = αR =
τ = 1 (see discussion below). We also emphasize that the roots
φ±1,2 and, hence, the spectral singularities discussed below, are
at least of second order, i.e., Mjj(φ
±
j ) = [dMjj(φ)/dφ]φ±j
= 0. At
τ = α/
√
αRαL the expression under the radical in (3) vanishes
and both zeros merge forming a zero of fourth order.
The phase transition (i.e., passage of either lasing or absorb-
ing thresholds) is not directly related to the exact balance of
gain and absorption: even for imbalanced gain and absorption
the phase can be unbroken. The transition can occur accord-
ing to different scenarios, similar to one described in [21]. We
use τ2 as the control parameter that characterizes the coupling:
τ2 = 1− κ2: smaller τ2 corresponds to stronger coupling. It fol-
lows from (3) that, in the limit τ → 0, the phase factors φ±1 are
situated at the origin of the complex plane whereas the phase
factors φ±2 have indefinitely large amplitudes.
For increasing τ < α/
√
αLαR, the phase factors φ
±
1 move
along the opposite (upper and lower) arcs of a circle centered
at the complex-plane point ((αR + αL)
−1, 0) and having radius
equal to (αR+ αL)
−1 [blue circles in Fig. 2]. Thus, if αR+ αL < 2,
then the arcs cross the unit circle at τ2 = τ2CPA = αLαR [Fig. 2(a)].
Notice that the requirement αR + αL < 2 implies αLαR < 1,
which means that this CPA scenario occurs only if absorption
exceeds gain. At τ2 = τ2CPA simultaneously two second or-
der CPAs take place for frequencies having equal positive and
negative detunings from ω0 = cm/(ρn) where n = nL =
nR: ω − ω0 = ±(c/2piρn) arccos[(αL + αR)/2]. For the case
αR + αL = 2, two complex-conjugate phase factors φ
±
1 collide
at the complex-plane point (1, 0) and then move along the real
axis in opposite directions. This is the case when the phase tran-
sition occurs through a fourth-order spectral singularity.
When τ2 increases starting from zero, the phase factors φ±2
move towards each other from infinity along the vertical line
Fig. 3. Scenarios of phase transition with real phase factors.
Blue circles and red crosses show φ±1 and φ
±
2 , respectively, and
the arrows show the directions of the phase factors as τ2 in-
creases. (a) If αLαR < 1, then the phase factor φ
+
1 crosses the
unit circle (shown with dashed line) at the point (1, 0), and the
phase transition through the CPA occurs. (b) If αLαR > 1, then
the phase factor φ−2 enters the unit circle, and a phase transi-
tion through lasing occurs. (c) In the PT -symmetric configura-
tion with αLαR = 1, phase factors φ
+
1 and φ
−
2 cross the unit cir-
cle simultaneously, and the phase transition happens through
a CPA-laser.
Re φ = 1/α in the complex plane [red lines in Fig. 2]. Thus, if
α > 1, then lasing occurs when the vertical line crosses the unit
circle at τ2 = τ2las = 1/(αLαR) [Fig. 2(b)]. The condition α > 1
implies αLαR > 1; i.e., gain is dominating. Thus, lasing occurs
at frequency detunings ω − ω0 = ±(c/2piρn) arccos
[
α−1
]
. If
α = 1 holds, then the vertical line Re φ = 1/α touches the unit
circle at the point (1, 0), and fourth-order phase transition oc-
curs.
Simultaneous touching of the blue circle with a red straight
line at (1, 0); i.e. a CPA-laser of the fourth order, is impossible.
This stems from the fact that the limiting transitions r = 1 and
αL,R → 1 (the conservative limit of the disconnected µRs) and
τ → 1 and αL,R = 1 (the limit of vanishing coupling κ of con-
servative µRs) are non commutative. In the last case we deal
with a conservative system that cannot have zeros on the unit
circle (in this case Eq. (3) is not valid). If however, αL 6= 1, the
decoupling of the system elements leads to infinite growth of
the field amplitude at τ = 1 (say, aLj ∝ κ/(αL − 1) at αL → 1).
If τ2 > α2/(αLαR), then all four phase factors are positive
and move along the real axis for increasing τ2. The phase tran-
sition occurs if one of the phase factors crosses the unit circle
at the point (1, 0) of the complex plane. If losses are stronger
than gain, then the phase transition occurs through the CPA
[Fig. 3(a)]. In the opposite situation, when gain dominates, then
the phase transition corresponds to lasing [Fig. 3(b)]. CPA and
lasing at the real axis take place, respectively, at
τ2CPA =
αLαR
αL + αR − 1 , τ
2
las =
1
αL + αR − αLαR . (4)
For PT symmetry, when the strengths of gain and loss are
equal, i.e., αLαR = 1, two phase factors cross the unit circle si-
multaneously, and the phase transition occurs through the CPA-
laser of the second order [Fig. 3(c)].
Using the round-trip factor of the cavity with absorption, αR,
as a control parameter we compute the round-trip factor of the
cavity with gain giving CPA as αL = τ
2(1− αR)/(τ2 − αR) and
giving laser as αL = (1− τ2αR)/[τ2(1− αR)]. These two curves
are plotted with solid line in Fig. 4 on the plane (αR, 1/αL) for
two different coupling matrices. We observe, that the increase
of coupling (decrease of τ), requires increase of gain and loss
for achieving CPA or lasing. Quite counter-intuitively, for any
fixed dissipation (αR), gain exists for which lasing occurs, but
the converse is generally untrue: not every value of gain yields
lasing. Vice versa, for any fixed gain (1/αL
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Fig. 4. Gain and loss parameters at which the effective poten-
tial due to the coupled µRs posses specific properties: CPA
(blue solid curves), lasing (red solid curves), left– and right-
reflectionless propagation (brown and green dash-dotted
lines), and transparency (t = 1) obtained for θ = 0 and θ = pi
(orange and pink dashed lines). The results are obtained for
the coupling parameter (a) τ = 0.5 and (b) τ = 0.9. The star
indicates the parameters at which CPA-lasing occurs, while
square and circle indicate perfect transparency (reflection zero
and transmission one) for the left– and right– propagating
waves. The thin dotted diagonal lines correspond to the PT -
symmetric case αRαL = 1. The plots are shown in windows
(αR, α
−1
L ) ∈ [0, 1]× [0, 1].
at which CPA occurs, but, in order to achieve CPA, dissipation
must be strong enough (i.e., αR must be small enough).
The effective potential created by the µRs displays other in-
teresting characteristics, which are summarized in Fig. 4. For
any value of gain or loss, the effective potential can bemade left-
reflectionless, rL = 0 (brown dash-dotted lines). For limited in-
tervals of gain or loss, it can be made right-reflectionless, rR = 0
(green dash-dotted lines). These results do not depend on the
specific value of the phase θ acquired during propagation in
the waveguide between the couplers. However, as scattering
data themselves depend on the phase gain in the waveguide,
the possibility to obtain transparency, i.e., to satisfy the condi-
tions t = 1, does depend on θ (see dashed orange and dashed
pink lines for θ = 0 and θ = pi, respectively). The device is
left- and right-transparent with no reflection only at θ = pi and
in the PT -symmetric case αLαR = 1 (shown by filled dot and
squares).
Now we briefly discuss a situation for which ρ(kR − kL) is
half-integer. In this case phase factors in left and right rings are
of opposite signs: φR = −φL. As above, we use φ ≡ φL as a
parameter. In this case all four phase factors φ±1 and φ
±
2 are real
and move along the real axis for increasing τ2. At τ = 0 phase
factors φ±1 are situated at the origin, and φ
±
2 = ±∞. Increasing
τ2 makes φ±1 split off in opposite directions, and φ
±
2 move to-
wards each other; see Fig. 5. The phase transition occurs when
one of the phase factors crosses the unit circle at point (1, 0)
or (−1, 0). Depending on the ratio between gain and losses,
three different scenarios are possible. If αLαR < 1, i.e., losses
exceeds gains, so the phase transition occurs through the CPA,
when the phase factor φ−1 reaches the point (−1, 0); see Fig. 5(a).
The corresponding value of τ2 and the frequency amounts to
τ2CPA = αRαL/(1 + αL − αR), ωCPA = c(m + 1/2)/(ρnL). If
Fig. 5. Scenarios of phase transition when the phase factors
φL and φR in left and right µRs are of opposite sign. (a) Phase
transition through the CPA. (b) Phase transition through las-
ing. (c) Phase transition through the simultaneous CPA and
lasing which occur at different frequencies ω.
gain dominates, the phase transition occurs when the phase fac-
tor φ+2 reaches the point (1, 0); see Fig. 5(b). This happens at
τ2las = 1/(αLαR + αL − αR), ωlas = cm/ρnL. Finally, in the PT -
symmetric case αRαL = 1, CPA and lasing, of the second order,
occur simultaneously, i.e., at the same value of τ2 [Fig. 5(c)] but
at different frequencies: ωCPA 6= ωlas (similarly the to CPA-and-
laser discussed in [22] for simple SSs).
A peculiarity of the described device is that spectral singu-
larities of second (and higher) orders do occur for a set of in-
cident wavelengths corresponding to the resonances in the µR.
This can be useful for designing a laser or a CPA for frequency
combs [23]. For example, for silica microrings (n = 1.45) of
radius ρ = 100 µm (an m-th resonant mode has wavelength
λm = 2piρ/m), two neighboring resonances occur at wave-
lengths λ700 ≈ 898 nm and λ699 ≈ 899 nm, which corresponds
to the frequency interval ∆ f ≈ 0.329 THz between neighboring
maxima of the comb.
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